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Abstract

In this paper, a method is proposed to construct recombination nonuniform cosine-modulated filter banks ( CMFBs)

with a perfect-reconstruction property and with arbitrary filter lengths. In this filter bank (FB) structure, certain channels of an original
M -channel uniform FB are merged by a set of transmultiplexers { TMUXs), yielding nonuniform outputs, and the length restrictions on
the original CMFB and the recombination TMUXs are avoided, allowing them to have arbitrary filter lengths. By imposing certain im-
proved matching conditions on the prototype filters, nonuniform FBs with arbitrary filter lengths and with good properties can be obtained.
As a result, the flexibility of selecting modulation types and filter lengths is greatly increased in the design of recombination nonuniform
CMFBs. Another benefit due to the flexibility is that the system delay can be reduced.
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The theory of M-channel uniform filter banks
(FBs) with perfect-reconstruction (PR) property has
been well established. Uniform filter banks have been
widely used in many applications such as in communi-
cations, radar, system identification, speech coding,
audio coding and image processing. However, in
some applications, they are unable to provide appro-
priate time-frequency decomposition. For example, in
approximating the time-frequency resolution of hu-
man ears, nonuniform spacing that matches the criti-
cal bands is preferred. This nonlinear arrangement is
much useful when the signal energy exhibits band-
width dependent distribution among frequency bands.
Therefore, efficient structures and design procedures
for general nonuniform filter banks are highly desir-
able. In contrast with uniform FBs, relatively few re-
sults have been reported in the study of nonuniform
FBs. Structures and methods for the design of
nonuniform FBs were presented in Refs. [1—6]. Di-
rect and indirect structures of nonuniform FBs were
classified in Ref. [1]. Pseudo-PR nonuniform FBs
based on cosine-modulated filter banks ( CMFRBs)
were studied in Refs. [2] and [3]. Nonuniform FBs
with the direct structure were found to have a better
control property with more freedom. However, there
exist some cases in which the nonuniform FBs cannot
be obtained by this method. Another drawback asso-

ciated with this structure is that the implementation
complexity is very high. More recently, another di-
rect method for the pseudo-PR nonuniform FBs was
proposed[4]. Although the sampling factors are irra-
tional, the implementation complexity is much high-
er. A nonuniform FB with a two-stage structure was
studied in Ref. [5]. The design method is called in-
direct or recombination (merging) method because of
the merging operations involved. Since the analysis
filters have an interpolation filter-like structure, the
implementation complexity of the nonuniform FB is
significantly reduced. It was shown that this indirect
or recombination structure can achieve PR if both o-
riginal FBs and recombination transmultiplexers
(TMUXs) are PR. It was also found that if the num-
bers of channels of the original FBs and the recombi-
nation TMUXSs are coprime, the analysis and synthe-
sis filters can be represented as linear time invariant
(LTI) systems. Due to its low design and implemen-
tation complexities, the CMFBs are used to construct
original FBs and recombination TMUXs. Further-
more, since FBs and TMUXs can be designed sepa-
rately provided that certain matching conditions are
satisfied, the design procedures can be significantly
simplified.

In this paper, a method is proposed to construct
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recombination nonuniform CMFBs with PR property
and with arbitrary filter lengths, which is based on
the recombination structure shown in Ref. [5]. More
specifically, the length restrictions on the original
CMFBs and the recombination TMUXs are removed,
allowing them to have arbitrary filter lengths. By im-
posing improved matching conditions on the prototype
filters, nonuniform FBs with arbitrary filter lengths
and with good properties can be obtained. As a re-
sult, the flexibility of selecting modulation types and
filter lengths is greatly increased in the design of re-
combination nonuniform CMFBs. Another benefit
due to the flexibility is that the system delay can be
reduced to a certain degree. In addition, high stop-
band attenuation of the recombination nonuniform
FBs can still be achieved with very low design and
implementation complexities.

1 Principle of PR recombination nonuniform
cosine-modulated filter banks

Fig. 1 shows the general structure of the recom-
bination nonuniform FBs. In this figure, the [-th
subband of the L-channel recombination nonuniform
FB is obtained by merging successively m, subbands of
an M-channel uniform FB with synthesis filters of an
m, -channel TMUX, producing a merged channel
with a decimation ratio of M/m,. Here, r, is the
starting index of the channels to be merged in the M-
channel uniform FB, { = 0,1,--,L —1, andi = 0,
1, --», m; — 1. If the TMUZX as shown in Fig. 1 satis-
fies the PR condition, then the merging and decom-
position operations are equivalent to a certain delay in
the m, channels of the M-channel FB. Furthermore,
if this delay is compensated in all the other branches,
the entire system is PR.
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Fig. 1. The structure of recombination nonuniform FBs.

It has been found®! that if M and m, are co-
prime, then the analysis and synthesis filters can be
represented by equivalent LTI systems. Due to the
good properties of CMFB, it is employed by both the
original FB and the recombination TMUX in the re-
combination nonuniform FB structure. Further, this
indirect method was extended in Ref. [6] to obtain
the nonuniform filter banks with the linear-phase
analysis and synthesis filters.

1.1 Cosine-modulated filter banks

In an M-channel uniform CMFB, the analysis
and synthesis filters, h,(n) and f,(n), are obtained
respectively by cosine-modulation of a prototype filter

h(n). That is,

h(n) = h(n) - ¢, ,» filn) = h(n) - ¢ ,»

where W
[, N1, )
e |

£k=0,1,-M-1, n=0,1,-,N—-1.(2)
As a general practice, the length of the prototype fil-
ter N is chosen to be 2mM . This selection will great-

ly simplify the discussion on the PR condition. Let
2M-1

H(z) = 2 z P ( 2*M) be the type-I polyphase
q=0

decomposition of & (n) and H, (=) be the z-transform
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of h,(n). The PR condition can be expressed as
Py(2) Py p1(2) + Ppp (2) Pppyy(2)
=p-z"
k=0,1,--,M-1, (3)

where f is a nonzero constant and « a positive integer
which is often called delay parameter. In the orthogo-
nal CMFB, h(n) is of linear-phase and hence a = m
— 1. Since H (2} is the frequency-shifted version of
the prototype filter H{z), it is only necessary to
minimize H(z) in the stopband when the CMFB is
orthogonal. In this case, A(n) will be of linear-
phase. The problem of designing the FBs is formulat-
ed as solving the following constrained optimization
problem,

mhin@ = J | H(é) 1?dw

subjected to the PR constraint in (3),
where h is a vector containing the impulse response
coefficients of A (n). The value of the stopband cut-
off frequency w, depends on the desired transition
bandwidth and should be between n/ 2M and n/M.
The solution of this nonlinear constrained optimiza-
tion can be obtained using the DCONF subroutine
provided by the International Mathematics and Statis-
tics Library (IMSL).

(4)

1.2 Matching conditions

In designing the proposed CMFB-based recombi-
nation nonuniform FB, it has been found'”! that a
spurious response will occur at the stopband of the re-
sulting equivalent LTI filter if the prototype filters of
the uniform FB and TMUX are not properly chosen.
However, by imposing the simple matching condi-
tions on the prototype filters, the spurious response
can be effectively suppressed. The matching condi-
tions are formulated as follows:

Ny/M = N, /m,, (5)

H(m,w) = GZ(MCU), (6)

where N, and N,, are respectively the lengths of the
{

M-channel CMFB and the m, -channel TMUX. With

the matching conditions being satisfied, the original

FB and the recombination TMUX of the recombina-

tion nonuniform CMFB can be designed separately,
which greatly simplifies the design procedures.

2 Arbitrary-length PR recombination non-
uniform cosine-modulated filter banks

In the PR recombination nonuniform CMFBs de-

scribed above, the original FBs and recombination

TMUXSs have the lengths of N = 2mM and N, =

) )

2m """ m, respectively, where m and m""’ are certain

positive integers. In this section, we will focus on the
PR recombination nonuniform CMFBs with arbitrary
filter lengths. Those FBs are achieved by allowing the
FBs and TMUXSs to have arbitrary filter lengths. The
theory and design of orthogonal uniform CMFBs with
the PR property and arbitrary-length have been stud-
ied in Refs. [8—10]. Nguyen and Koilpillaim have
derived a PR condition which is exactly the same as
the one with 2mM length. An extension based on it
was made to achieve an efficient implementation[g] .
In Ref. [10], a design method termed as pruning
was proposed, in which an orthogonal CMFB with
PR property and with arbitrary filter lengths can be
generated by forcing some coefficients of a prototype
filter with a length of 2mM being zeros. Compared
with the method proposed in Refs. [8] and [9], this
method is much simpler. The design for the FBs by
using this method can still be considered as a 2mM-
filter design problem because the same procedure is
used with the exception that certain coefficients at
both ends of the prototype filter have to be zeros. Due
to its simplicity, we will employ this method in the
design of FBs in the recombination structure. Next,
we will give a detailed description of our proposed
method.

For an orthogonal CMFB with an arbitrary filter
length, if the first 8 coefficients of the prototype filter
are forced to be zeros, then the last 8 coefficients
must be zeros as well due to the linear phase proper-
ty. The length of the resulting filter is N' = 2mM —
28, 1 << 8 << M — 1. The modulation is the f -th
sample shifted version of the original modulation in
(2). This can be verified by the following equation:

Chu = cOS [Qk;vlﬁ(n - N’2—1 F (=) %J
= os[g‘szXZl—b‘r(n _Z_MI\L‘Z_zu)
(- DFE]
I
SEVdE (7)

Therefore, the design of (2mM — 28) -length CMF-
Bs is equivalent to that of 2mM-length CMFBs. Sup-
pose that in a recombination nonuniform FB with an
arbitrary filter length, the original CMFB has a
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length of Ny, = 2mM — 28, and the TMUX has a
length of N:,,l = 2m(l)ml — 2pB,, . Here, 8y, and 8,
I {

are the numbers of coefficients being zeros in the pro-
totype filters of the M-channel CMFB and m, -chan-
nel TMUX. As mentioned earlier, in the design of
recombination nonuniform FBs, the original FB and
the recombination TMUX must satisfy the matching
conditions of (5) and (6) to suppress the spurious re-
sponse. In the following, we will examine if the same
matching conditions should be satisfied in the case of
N’ =2mM - 28.

To satisfy the matching conditions, we have in
the case of N' = 2mM - 28,

Nu/M = N, /m, (8)

or equivalently
m—-m = Bu/M — Bml/ mp (9)
with 0 < 8, < M and 0 < ‘8”‘; < m;. Then we have
Bu/M = B, /m,. (10)

For the case where M and m, are coprime, both (10)
and (8) cannot hold for integers 8y, and B, -
l

Instead of letting the responses of the prototype
filters be in the same shape, we can make the transi-
tion bands of all the prototype filters similar by relax-
ing the condition that the relative weighting of the
stopband and passband errors is identical. In this
way, we can make all the transition bands similar
with different stopband attenuation of the prototype
filter by keeping m = m. Thus, the spurious re-
sponses can be suppressed significantly.

For illustration purpose, we give an example of
an arbitrary-length recombination nonuniform FB
with sampling factors (4/7, 3/7). The lengths of the

uniform CMFB and TMUXs are respectively N,IV[ =
2mM =28y and N, =2mm, 28, , withi =0,
{
1. WesetBy =4, 8, =2, B, =2, m=m® =
0 1

m = 6. The lengths of the filters for 4-channel, 3-
channel TMUXs and 7-channel CMFB are N:"D =

2m(0)m0 _2Bm0 =44, N:"1 = 2m(1)m1 _2,8,,,1 =32

and N,’W = 2mM - 2,, = 74 respectively. Fig. 2(a)
shows the frequency responses of the equivalent LTI
analysis filters and Fig. 2(b) shows those of the re-

combination nonuniform FB with the length of
2mM.
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Fig. 2. Frequency responses of the equivalent LTI analysis filters

of the recombination nonuniform CMFBs with sampling factors (4/
7, 3/7). (a) Arbitrary-length case and (b) 2mM case.

3 Comparison between 2mM -length and ar-
bitrary-length systems

It is clear that the system delay of CMFBs with
arbitrary-length of N =2mM — 28 is not restricted
to 2mM ~ 1 samples as in the 2mM case. Modula-
tions for realizing PR CMFBs with arbitrary system
delays have recently been proposed in Ref. [11]. In-
terested readers are referred to Ref. [11] for full ex-
planation and details. In this paper, we shall focus on
the proposed pruning method for its simplicity. Since
the first B coefficients of the prototype filter A (n)
are zero, we can shift all 2,(n) and f,(n) to the left
by 8 samples to form a new set of analysis and syn-
thesis filters A, (n) = h,(n + ) and f,(n) = f,(n
+ B). Since the original system has a delay of 2mM
— 1 samples, the system with the analysis filter,
h,(n), and synthesis filter, f,(n), will have a de-

lay of 2mM — 28 — 1 samples. This is depicted in
Fig. 3. By treating the arbitrary-length CMFB as the
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one with length of N =2mM, we are able to preserve
the form for the PR condition. This can be achieved

by adding additional delays to the system, giving rise
to permutation of the polyphase matrix.
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Fig. 3.

It can be seen that the implementation of the ar-
bitrary-length CMFB with the different system delay
can be realized from an identical modulation matrix
and a simple permuted structure by the use of the
pruning method.

In the 2mM case, the overall system delay of an
M -channel uniform CMFB is fixed to 2mM — 1 sam-
ples. As mentioned above, PR TMUX can be gener-
ated from the 1-skewed PR FB, and 1-skewed PR FB

| H,: (=), F,z (z)! can be obtained from a standard PR
FB { H, (z), F, (21" by choosing the filters

H;(z)=Hk(z) and F,:(z)= 2 'F,(2). If a stan-
dard M-channel PR FB has a system delay of 2mM
— 1 samples, then the system delay of the corre-
sponding 1-skewed PR FB is 2mM samples. Hence,
the CMFB-based PR TMUX will have a delay of 2m
samples.

In the 2mM — 28 case, the system delay of an
M -channel uniform CMFB is fixed at 2mM - 28— 1
samples. If a standard PR FB has a system delay of
2mM - 28 — 1 samples, then the system delay of its
1-skewed counterpart is 2mM — 28 samples. The PR
TMUX, generated from the 1-skewed PR FB, still
maintains a delay of 2m samples as well as in the
2mM case, because the delay of 23 samples should be
compensated in this system to guarantee the delay pa-
rameter to be a multiple of M.

We now turn to the entire structure of the re-
combination nonuniform FB. The total system delay

Total system delay = 2mM-1
System delay of an arbitrary-length CMFB.

depends on the delay of the M-channel uniform
CMFB as well as the maximum delay of the m,-chan-

nel TMUXs.

The total system delay of a 2mM-length recom-
bination nonuniform CMFB is 2mM -1 + M
max!Zm(”} samples, where 2mM —1 and 2m® are
the system delay of the original M-channel CMFB
and the recombination m,-channel TMUX, respec-
tively. While the total system delay of an arbitrary-
length recombination nonuniform CMFB is 2mM -
2By —1+ M- max{2m samples, where 2mM —

28y —1 and 2m ‘") are the system delay of the origi-
nal M-channel CMFB and the recombination m,-
channel TMUX. Fig. 4 shows the 2mM-length and
arbitrary-length recombination nonuniform FBs with
their system delay. It can be seen that the system de-
lay of the arbitrary-length recombination nonuniform
FB is 28), samples lower than that of the 2mM-length

one.

For comparison purpose, we use the examples of
the FB systems with 2mM-length and arbitrary-
length in Section 2. Table 1 gives the system delay
and stopband attenuation for those two systems. We
have found that using the CMFBs having arbitrary
filter lengths increases the flexibility of selecting the
filter length in designing recombination nonuniform
FBs. In addition, by shortening the lengths of the re-
combination nonuniform FBs, the system delay can
be reduced to a certain degree while paying a price of
reducing the stopband attenuation.
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Table 1. Comparison between two types of recombination References
nonuniform FBs
1 Kovacevic J. and Vetterli M. Perfect reconstruction filter banks

System  Stopband

Recom}) 1::1;; m,, M, 8, N delay attenuation
rionunito (sample)  (dB)

(mo,N,,,o):(4,48)
4/7, 3/7)

’N = ’ 6
in 2mM case (m, "'1) (3,36) 167 38
(mgr B s N, ) =(4,2,44)

(477, 3/7) 0" Py Nimg
in 2mM = (my, B, N, )=(3,2,32) 159 35

28 case ,
(M, Bygs Nyy) = (7,4,76)

4 Conclusions

We have presented a method of designing a new
class of recombination nonuniform CMFBs with PR
property. The nonuniform FB is obtained by merging
subbands of a uniform FB with the synthesis filters of
TMUX. Both the original CMFB and the recombina-
tion TMUX can have arbitrary filter lengths, offering
more flexible design of this class of recombination
nonuniform FBs. As a result, the lower system delay
can be obtained. In addition, high stopband attenua-
tion of the recombination nonuniform FBs can be
achieved with very low design and implementation
complexities.
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